Few, if any, of the properties enjoyed by ergodic measure-preserving transformations defined on a finite measure space generalize in a natural way to those defined on an infinite measure space. Concrete examples of ergodic transformations which preserve a finite measure and ones which preserve an infinite measure exist in the literature, see [l] . It is not difficult to see that ergodic transformations never admit wandering sets of positive measure. In [2] it was shown that a basic difference exists between ergodic transformations which preserve a finite measure and those which preserve an infinite measure; namely, an ergodic measure-preserving transformation defined on an infinite measure space always admits weakly wandering sets of positive measure (Theorem 2 of [2] ). Unlike wandering sets, it is not true in general that the union of two weakly wandering sets is again a weakly wandering set even if we require that a class of mutually disjoint images of one weakly wandering set does not intersect a class of mutually disjoint images of the other. One may ask then if there are any ergodic measure-preserving transformations defined on an infinite measure space which admit only weakly wandering sets of finite measure. In this paper we show that this is not the case. We prove that there always exist weakly wandering sets of infinite measure for any ergodic measure-preserving transformation defined on an infinite measure space (Theorem 3). In [2] the existence of a weakly wandering set of positive measure for an ergodic measure-preserving transformation defined on an infinite measure space was discovered while studying the necessary and sufficient conditions for the existence of a finite, invariant, and equivalent measure for a given measurable and nonsingular transformation.
In this paper we construct the weakly wandering sets in a different way. Using the pointwise ergodic theorem we prove a simple and yet a useful fact about ergodic measure-preserving transformations defined on an infinite measure space (Theorem 2). It states that given two sets A and B both of finite measure, it is possible to find an image of A under some power of the transformation T which has small intersection with the set B. This fact is basic in proving Lemma 1 which shows the existence of a special kind of weakly wandering set within any set of finite measure. The main result (Theorem 3) then follows from the lemma.
In what follows (X, (B, m) will represent a measure space. The whole space X will be measurable, and when we mention an infinite measure space we always assume that it is ^-finite ; that is, X = Uj" i A,-, where m(At)<<x> for i=l, 2, • • • . By a measure-preserving transformation T defined on a measure space (X, (&, m) we mean a one-toone map of X onto itself such that m(TB)=m(T~lB)=m(B) for every BE<S>. T ergodic means that whenever TA=A then either m(A) = 0 or m(X-A) = 0. By LX(X) we mean the class of all absolutely integrable, real-valued functions defined on X.
The pointwise ergodic theorem states:
Let Tbea measure-preserving transformation defined on a finite or an infinite measure space (X, <S>, m).
If fELi(X), then the pointwise limit f*( License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Theorem 3. Let T be an ergodic measure-preserving transformation defined on an infinite measure space (X, (&, m) ; then there exists a weakly wandering set of infinite measure.
We first prove a lemma which shows the abundance of a special kind of weakly wandering sets. We note that this lemma is quite similar to Lemma 4 of [2] except that in order to use it in proving the theorem, we state and prove it in the following sharpened version: Lemma 1. Let T be an ergodic measure-preserving transformation defined on an infinite measure space iX, <B, m). Let A be a measurable set with 0<miA) < oo, and let e>0 be an arbitrary positive number with e<miA). Then there exists a subset A' of A with miA')^e such that the set W = A -A' is weakly wandering under a sequence {w,:í = 0, 1, 2, • • • }. Furthermore, the set W and the sequence {»j} have the following additional property:
(1) Tni+n!'W r\ Tn>'+n*W = 0 fori> h,j> k, and either i^jorh^k.
Proof. Let A be a measurable set with 0<a = m(^4)<oo, and e>0 be an arbitrary positive number with e<miA). We let e* = e/2* for k = l, 2, ■ ■ ■ , Ai^A, and w0 = 0. Since miA) < oo, by Theorem 2 we can choose wi>0 such that miTniAif~\A) =miTniAC\A) <ei. Next Next we show that the set W=A -A' has the desired properties. H i¿¿j, without loss of generality we assume that i>j; then since W=A-A'
and Tni+nk-n>-nkWr\A CA', we conclude that J'n.+ni-ny-n*^ C\W = 0.
If i=j and h^k, again we assume that h>k, and since Tnk-nkWC\A QA ', we conclude that Tnk-"kW C\W = 0.
It is easy to see from the above that rni+BW f\ T"i+n*W = 0 lori>h,j> k, and either i^jorh^k.
Proof of Theorem 3. By Lemma 1 we construct a set W and a sequence of integers {»,:i = 0, 1, 2, • • • } which satisfy (2) . We let C = U T*W. For all the possible cases enumerated above we conclude from (1) chat Tni+nhWr\Tni+nkW=0.
This implies that TnkCC\TnkC=0 for h^k; h, k odd. This proves that C is a weakly wandering set of infinite measure.
